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Abstract—The method of moments is used to obtain the false diffusion coefficient as
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for the unsteady state ‘reactor-and-tube’ model with a first-order chemical reaction. A comparison is made
between the upwind finite difference solution (i.e. the continuous stirred chemical reactor in series) and the
exact solution with a false diffusion coefficient.

NOMENCLATURE

C, mass concentration;

Co,  theinitial mass concentration at the entering
point of the tubular reactor;

D, effective axial diffusion coefficient;

Dq.1.» false diffusion coefficient ;

f a dummy function;

i, index of the reactor number;

J» index of the time step;

k, first-order chemical reaction constant;
k,,  kLju;

L, Iength of tubular reactor;

moment for discrete system;

M, moment about the mean;

-N, the number of cells in a tubular reactor;
P, uL/4D;

b
'N

D, moment index;

q, integer variable;

R, moment for continuous system;

R,  moment about the mean;

s, Laplace transform parameter;

t, time variable;

u, constant axial fluid velocity;

i, dimensionless fluid velocity, defined in
equation (5);

X, reactor length variable.

Greek symbols
T, ut/L;
g x/L.

1. INTRODUCTION

THeoBIJECTIVE of this paper is tostudy the false diffusion
effect in problems involving convection and diffusion
with chemical reaction. The false diffusion effect has
caused considerable controversy and confusion among
the practitioners of numerical analysis. There is
something called ‘false diffusion’, which is quite
commonly misinterpreted, but which, in its proper
meaning, represents a major weak point of most
convection—diffusion formulations. Recently, false
diffusion has been extensively discussed by Patankar

[1]and Gosman et al.[2] but no one has discussed and
shown the false diffusion effect in convection and
diffusion with chemical reaction, which is important in
heat and mass transfer problems.

The generic transport equation for 1-dim., unsteady
state convection with diffusion and a source term is
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Thisis the unsteadystate partial differential equation
involving the first, second and zero derivatives. If ¢ is
the concentration of reactant, and Sy = —k¢, the
aboveequationis the mass conservationequation used
to model the unsteady state 1-dim. plug flow tubular
reactor with a first-order chemical reaction. If ¢ is the
temperature, T, the above transport equation would
describe the 1-dim. unsteady state temperature dis-
tribution in the presence of convection, diffusion and
heat transfer from the wall, or internal heat sinks.

In chemical reaction engineering, the governing
transport equation for a 1-dim. unsteady plug flow
chemical reactor is usually presented in the following
form:
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where ¢ is the time from the commencement of the
reaction, x is the distance from the point of introduction
of the reactive fluid, C = C(t, x) is the concentration of
reactant, D is the effective diffusion coefficient, u is the
constant axial fluid velocity, and k is the first-order
chemical reaction constant. If the diffusion coefficient D
is non-zero, a dispersion layer will form in which the
concentration gradually changes from the higher value
to the lower one by diffusion. On the other hand, if the
diffusion coefficient is zero, a dispersion layer will not
form, and the concentration will be changed due to
convection transfer only. The best way to observe false
diffusion is by setting the real diffusion coecfficient to
zero and comparing the numerical solution with D = 0
to the exact solution of equation (2) in which D is equal
to the coeflicient of false diffusion.
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Fi1G. 1. Reactor-and-tube model.

The scheme to be analyzed is based on the ‘reactor-
and-tube’ model, which is referred to in Gosman et al.
[2] as the ‘tank-and-tube’ model. As shoivn in Fig. 1,
each control volume can be thought to be a con-
tinuously stirred chemical reactor that is connected
in series to other reactors by short tubes. The flow
through the tubes represents convection. Since the re-
actors are stirred, each contains a uniform concen-
tration fluid, and the mass conservation equation
may be written as

uAt
Cii=Cjri+ E(Cj_ Li-1—Cj1)—kC;_ 1 Mt

G

wheresubscriptsiandjdenotetheithreactionzone and
jth time step in which the evaluation is to be made.
From a finite difference point of view, equation (3) is
also the upwind finite difference scheme for equation (2)
with diffusion coefficient D = 0. If we compare the
coefficients for the central-difference with upwind
schemes, it can be shown that the upwind scheme is
equivalent to replacing the diffusion coefficient D in the
central-difference scheme with D plus false diffusion
coefficient [1]. Hence the diffusion coefficient of
equation (3) is the false diffusion coefficient.

The method of moments [3] is applied to find the
false diffusion of equation (3) by comparing the means
and variances of the concentration of equations (2)
and (3).

2. MATHEMATICAL ANALYSIS

In order to apply the method of moments, equation
(3) is rearranged in the following form:

Cia=(—kAt=a)Cj_ ;+0Cj_y ;- @

where
. ulAr (s
i=—:
Ax )
Let
M,;= Z FCy; (6)
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be the pthmoment of the distribution of solute at the jth
time step in the tubular reactor. The condition to be
imposed on C;;as i — + co is such that these moments
should exist and be finite, a condition fulfilled if the
solute is originally contained in a finite length of the
tube reactor.
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Substituting equation (4} into equation (6), we get the
partial difference equation

I
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and p, q are integers.
The definition of the pth moment about the mean is

where

p=4q

qu,j= Z (i—’T)pCj.i (8)

where

)

M, ;and M, ; can be found from equation (7), hence i
can be stated as

ju
1—kAt

i=

(10)

Setting p =0, 1 and 2 in equation (8), and solving
equation (7), one can obtain the solutions of the first
three moments about the mean A1, ;, M, ;and A1, ; as
given in Table 1.

The method of moments will now be applied to the
continuous system as shown in equation(2). The results
of the first three moments of the continuous system will
correlate to the first three moments of the ‘tube-and-
reactor’ model (i.e. upwind scheme).

Let
Ry = J_

be the pth moment of the distribution of solute in the
tube at time t. The condition to be imposed on C as
x — + oo is such that these moments should exist
and be finite, a condition fulfilled if the solute is origin-
ally contained in a finite length of the tube reactor.

Substituting equation (2) into equation (11), one can
arrive at

xPC dx (11)

dR
dt

2 +kR, = upR,_,+Dp(p— 1R, ..  (12)

Table 1. Moments about the mean

pth order M, R0
Oth Mo(1—kAt) Ry(0)e ™
1st ] 0
2nd —jitMy(1 —kAt)i=2  [2DR0)+R,(0)]e™™

+jiiM (1 — kA7)t
+ M, o{1 —kAr)!
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The mean moment about the mean is now defined as

R,= r (x—%)°C dx, (13)

where

o RO
Jw Cdx Ro®

R,(t)and Rq(f) can be found from equation (12),and the
solution of X can be stated as

X=

(14)

X = ut.

(15)
Setting p=0, 1 and 2 in equation (13) and solving
equation (12}, one can obtain the solutions of the first
three moments about the mean R (1), R,(f) and R,(t) as
given in Table 1.

In Table 1,

My = Z C,; and RO(O):J C(0, x) dx.

i=—c -
The zeroth moments in Table 1 are automatically
satisfied in the limit since:
lim (1 —kAtyY = lim (1 —kADyA = ™",

A1 0 At—0

The second moments can be equated by the following

identity:
uAx At 1
=—{l—tt— .
2 Ax 1 —kAt

This is the false diffusion coefficient.of a ‘tube and
reactor’ model. For the steady state, i.e. At = 0, Dy,
= yAx/2, which is consistent with ref. [1]. It is
interesting to note that the chemical reaction does not
affect the false diffusion coefficient in steady state
diffusion and convection problems.

For the case of no chemical reaction, i.e. k = 0,

ulx uAt
Dpyee = — [ 1———).
false 2 ( Ax )

It can be seen from equation (17) that when the distance
step and time step are related by Ax = uAt, the false
diffusion of equation (3) will be zero. We can show this
phenomenon by setting Ax=uAt and k=0 in

(16)

(17

equation (3).
For the finite tubular reactor, we know
L
Ax =— 18
*=n (19)

where Lis the length of the tubular reactor and N is the
number of finite difference control volumes. From
equations (18) and (16) we have the following dimen-
sionless false diffusion coefficients:

ut
Dfalsc _ l 1 A<I) 1 (19)
) D0
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3. RESULTS AND DISCUSSION

Theexactanalytical solution ofequation (2), where D
isequalto thefalse coefficient giveninequation (16),can
be compared with the numerical solution of equation
(3) using an upwind difference scheme. An example is
stated as follows:

¢C  éC a*C

— — = D——kC, 2

a0 @)
initial condition at

t=0, C=0,

boundary condition at
L
x =0, C= COX a(1),

oc _

dx

An exact solution of the above equation at exit x = L,
ie. & =1, when ul/Dis large is

172
c(t)=2 P 1_1 2P~ (P k)= (FJ0)
€ nT T

p\12
+2P e*Pker erfcli(;) +(Pr)‘/2] (20)

x=1L,

where
C ut ¢ X
c= - = y =—
C 'L L
21
uL kL
P=—2, k=—
4D u
and

erfc(x) = 1—erf(x) = l_(\/in)_[: e= % dx.

(The detailed solution of equation (20) is given in the
Appendix.)

If we assume the dimensionless time step At = 0.005,
the dimensionless step length A{ =001, and the
dimensionless first-order chemical reaction constant,
k, =2, then we have

Deasse _ 5 4747 x 1072, (22)
uL

A comparison of equation (3) withequations (20) and
(22) is shown in Fig. 2. The points (Q) are calculated
from equation (3), and the solid line is calculated from
equations (20) and (22).

The initial boundary condition of this example is the
inplus tracer C = Cy(L/u)5(t). In the plug flow tubular
reactor without diffusion, if weinput the inplus tracer at
the entering point of the tube, we should get the inplus
tracer output at the exit of the tube [4]. Without
diffusion, the inplus tracer output at the exit of the tube
is

L
€ = 0.1354 Co— 5(t~L/u) 23)
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F1G. 2. Comparison of false diffusion with exact solution.

Equation (23) can be obtained from the first-order
chemical reaction equation or the partial differential
equation for the unsteady state plug flow reactor.
If we take
L

1
5(t—L/u)zE at t=;,

equation (23) can be written as

C 1
=-—=~0.1354— = 27, =1 4
c c 54A 707 at 1 24)

o T
We see that the exact solution for the unsteady state
plug flow reactor in equation (24)is much different than
the upwind solution in Fig. 2. The upwind solution in
Fig. 2 is a bell type curve due to the false diffusion and
convection. The solution of equation (24) is single
valued as this is due to convection transfer only.

4. CONCLUSION
This study has shown that:

(1) The false diffusion coefficient can be obtained
from the method of moments.

(2) Thechemicalreactioninmasstransferorinternal
heat source or sink in heat transfer can affect the false
diffusion coefficient in unsteady state problems.
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APPENDIX

From equations (2) and (21) we have

eyl Lo 4 (an
ét 8¢ 4p ¢
initial condition at
=0, c=90,
boundary condition at
&=0, c=6(1),
éc
E=1, % =0.
Set
o(t,§) = fe2rem i, (A2)
Putting equation (A2) into equation (A1), we get
g_1 o (A3)

v 4P &t

initial condition at

=0, f =0,
boundary condition at
t=o, S = 8o,
c
5 = 1) ~r +2Pf =0.
&

Applying the Laplace transformation into equation {A3) we
have

(/Ps—P)e~ 2P0 ( /P54 )2/ =0

I8 = (Ad)
(/Ps+P)erPy(/Ps—P)e2/F
At the end of the tubular reactor, where £ = 1,
2,/Ps
T )= . (A9
(/Ps+P)e?F 4 (/Ps—p)e=2/F
For large P, we can simplify equation (AS) to
2\/Ps
Fis, 1) = (A6)

(/Ps+P)eVP

Theinversion of the Laplace transformation of equation (A6)
is :

P \12 p\2
nl)=2{— e -2t — e
Sy =2(— P2 #
ad nt
P 172
+2P e¥tEr crfc[(?> +(Pr)”2]. (A7)

From equations (A2) with ¢ = 1 and (A7) we get equation (20).
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FAUSSE DIFFUSION EN CONVECTION ET DIFFUSION AVEC REACTION CHIMIQUE

Résumé—La méthode des moments est utilisée pour obtenir le coefficient de fausse diffusion

ulAx At 1
Dpypye = ——| 1 —u—
2 Ax 1—kAt

pour le modéle instationnaire “réacteur et tube” avec un réacteur chimique de premier ordre.
Un comparaison est faite entre la solution récurrente par volumes finis (par exemple, la série de réacteurs
chimiques continuellement agités) et 1a solution exacte avec un coefficient de fausse diffusion.

SCHEINDIFFUSION BEI KONVEKTION UND DIFFUSION
MIT CHEMISCHER REAKTION

Zusammenfassung—Die Momentenmethode wird angewandt, um den Scheindiffusions-Koeffizienten als

-
fatse = 7 “Ax 1—FAt

fur ein instationires Rohrreaktor-Modell mit einer chemischen Reaktion erster Ordnung zu bestimmen. Ein
Vergleich zwischen einer Losung mittels finiter Differenzen (z. B. fiir den kontinuierlich geriihrten Reaktor in
Reihenschaltung) und der exakten Lésung mit Hilfe des Scheindiffusions-Koeffizienten wird durchgefiihrt.

IOOEKTHBHASA JHODYIUA NP KOHBEKUHUH H JHOOY3UH B MPUCYTCTBHH
XUMHWUYECKOH PEAKIIHH

Annorauma —Meronos MosMenTOB paccunthiBaerca ko3hduusent pdexTusnoii anddysun
Dowr = uAx ) Ar 1
’“’"T[ “‘A_xm]
IU18 HEeCTAUHOHAPHOIT MOJETH NPOTOHHOIO PeakTOpa MPH NMPOTEKAHIHN XHMIYECKOH PEaKilti NepBoro
nopaaka. IlpoeegeHo cpaBHeHite MeEKAY PeUICHHEM METOMOM KOHEYHBIX Pa3HOCTEl (XHMUYecKil

PEAKTOP C HEMPEPBIBHBINM MEPeMEWHBAHHEM) M TOYHBIM pELIEHHEM, B KOTOPOM YHHTRIBAETCS
apdexTisHbll ko3pduunent mddyann.
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