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FALSE DIFFUSION IN CONVECTION AND DIFFUSION
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Abstract-The method of moments is used to obtain the false diffusion coefficient as

D _ u~x(I_U~_I_)
f.I,. - 2 t.x 1- kt.r

for the unsteady state 'reactor-and-tube' model with a first-order chemical reaction. A comparison is made
between the upwind finite difference solution (i.e. the continuous stirred chemical reactor in series) and the

exact solution with a false diffusion coefficient.

I. Il'iTRODUCTIOl'i

Greek symbols
T, IIt/L;
~, xll:

THEOBJECTIVE of this paper is to study the false diffusion
effect in problems involving convection and diffusion
with chemical reaction. The false diffusion effect has
caused considerable controversy and confusion among
the practitioners of numerical analysis. There is
something called 'false diffusion', which is quite
commonly misinterpreted, but which, in its proper
meaning, represents a major weak point of most
convection-diffusion formulations. Recently, false
diffusion has been extensively discussed by Patankar

(2)

(1)
04> 04> 024>

Pat +plI OX = r ox2 +S,p'

This is the unsteadystate partial differential equation
involving the first, second and zero derivatives. If 4> is
the concentration of reactant, and S,p = -k4>, the
above equation is the mass conservation equation used
to model the unsteady state L-dim. plug flow tubular
reactor with a first-order chemical reaction. If 4> is the
temperature, T, the above transport equation would
describe the l-dirn. unsteady state temperature dis­
tribution in the presence of convection, diffusion and
heat transfer from the wall, or internal heat sinks.

In chemical reaction engineering, the governing
transport equation for a l-dim. unsteady plug flow
chemical reactor is usually presented in the following
form:

ec ec a2c

-+II-=D--kCat ax ax2

where t is the time from the commencement of the
reaction,xis the distance from the point of introduction
of the reactive fluid, C = C(t, x) is the concentration of
reactant, D is the effective diffusion coefficient, II is the
constant axial fluid velocity, and k is the first-order
chemical reaction constant. Ifthe diffusion coefficient D
is non-zero, a dispersion layer will form in which the
concentration gradually changes from the higher value
to the lower one by diffusion. On the other hand, if the
diffusion coefficient is zero, a dispersion layer will not
form, and the concentration will be changed due to
convection transfer only. The best way to observe false
diffusion is by setting the real diffusion coefficient to
zero and comparing the numerical solution with D = 0
to the exact solution of equation (2) in which D is equal
to the coefficient of false diffusion.

[1] and Gosman et al. [2] but no one has discussed and
shown the false diffusion effect in convection and
diffusion with chemical reaction, which is important in
heat and mass transfer problems,

The generic transport equation for l-dim., unsteady
state convection with diffusion and a source term is

l'iO:\IEl'iCLATURE

mass concentration;
the initial mass concentration at the entering
point of the tubular reactor;
effective axial diffusion coefficient;
false diffusion coefficient;
a dummy function;
index of the reactor number;
index of the time step;
first-order chemical reaction constant;
kL/II;
length of tubular reactor;

. moment for discrete system;
moment about the mean;
the number of cells in a tubular reactor;
IIL/4D;
moment index;
integer variable;
moment for continuous system;
moment about the mean;
Laplace transform parameter;
time variable;
constant axial fluid velocity;
dimensionless fluid velocity, defined in
equation (5);
reactor length variable.
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Substituting equation (4)into equation (6), weget the
partial difference equation

M p.}= ( l -kilt - ii )M p,}_ I + il f (P)Mq,J-1 (7)
q =O q

where

and p, q arc integers.
The definition of the pth moment about the mean is

At!,} and Mo,} can be found from equation (7), hence I
can be stated as

(
p) p!

= I( _ )1' P ~ q,q q. p q .

(8)

(9)

oc

AI ) = " (i-ljp C. .r. L J.'
1=- 00

<Xl

L iC},1
I=I =-oc = Af l ,)

a: M o,}
" Cooi.J },I

where

FIG. I. Reactor-and-tube model.

The scheme to be analyzed is based on the 'reactor­
and-tube' model, which is referred to in Gosman et al.
[2] as the ' tank-and-tube' model. As shown in Fig. 1,
each con trol volume can be thought to be a con­
tinuously stirred chemical reactor that is connected
in series to other reactors by short tubes, The flow
through the tubes represents con vection. Since the re­
actors are stirred, each contains a uniform concen­
tration fluid, and the mass conservation equation
may be written as

lI~t
C},i = C}_I.I+ ~x (C}-I.i-l-C}-I ,i)-kC}-I .•~t

(3)

Setting p = 0, I and 2 in equation (8), and solving
equation (7), one can obtain the solutions of the first
three moments about the mean A/ o,}, AI!,} and A12 ,} as
given in Table 1.

The method of moments will now be appli ed to the
continuous system as shown in equation (2).The results
of the first three moments ofthe continuous system will
correlate to the first three moments of the ' tube-and­
reactor' model (i.e. upwind scheme).

Let

where subscripts i andj denote the ith reaction zone and
jth time step in which the evaluation is to be made.
From a finite difference point of view, equation (3) is
also the upwind finite difference scheme for equation (2)
with diffusion coefficient D = O. If we compare the
coefficients for the central-difference with upwind
schemes, it can be shown that the upwind scheme is
equivalent to replacing the diffusion coefficient D in the
central-d ifference scheme with D plus false diffusion
coefficient [1]. Hence the diffusion coefficient of
equation (3) is the false diffusion coefficient.

The method of moments [3] is applied to find the
false diffusion of equation (3) by comparing the means
and variances of the concentration of equations (2)
and (3).

~ jfi
1=---.

I-k~t
(10)

(11)

2. MATHEMATICAL ANAI.YSIS

In order to apply the method of moments, equation
(3) is rearranged in the following form :

C}.I = (l-k~t-ii)C}_!'I+i/C}_!'I_l (4)

where

be the pth moment of the distribution of solute in the
tube at time t. The condition to be imposed on C as
x -+ ± ex> is such that these moments should exist
and be finite, a condition fulfilled if the solute is origin­
ally contained in a finite length of the tube reactor.

Substituting equ ation (2)into equation (11), one can
arrive at

11M
i/=-.

~x
(5)

Let

eo

Atp,) = I VC} .• (6) Table I. Momentsabout the mean
i= - co

bethe pth moment ofthedistribution of solute at thejth
time step in the tubular reactor. The condition to be
imposed on Cj •i as i -+ ± ex> is such that these moments
should exist and be finite, a condition fulfilled if the
solute is originally contained in a finite length of the
tube reactor.

pth order ,,[r.i

Oth Alo(l-ktJ.e)i
1st 0
2nd -jii2Mo(l-ktJ.e)i-

2

+jiiAlo(l-ktJ.e)i- 1

+AI2,0(1- Me)l

ft..(e)

Ro(0)e· 1,

o
[2DR o(0)+R2(0)] e- ll
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(2)

C=O,t = 0,

ec ec iJ2C
- +11- - 0- -kCat ax - ax2 '

initial condition at

3. RESULTS Al'OD D1SCUSSIO;,\;

The exact analytical solution ofequation (2), where D
is equal to the false coefficient given inequation (16),can
be compared with the numerical solution of equation
(3) using an upwind difference scheme. An example is
stated as follows :

(14)

(13)

The mean moment about the mean is now defined as

n, = f:oo (x- .WC dx,

where

foo xC dx
_ -<X> RI(t)
X= =--

f:oo C dx Ro(t)'

RI(l) and Ro(t) can be found from equation (12),and the
solution of x can be stated as

x = lit. (15) boundary condition at

An exact solution of the above equation at exit x = L,
i.e. ~ = 1, when IIL/D is large is

e.(r) = 2(~) 1/2 (~-1) e2P - (P H Llr - (Pl r)

+2P e4P-1Lr erfc[(~r2+(Pr)112] (20)

Setting p = 0, 1 and 2 in equation (13) and solving
equation (12), one can obtain the solutions of the first
three moments about the mean Ro(t), RI(t) and R2(t) as
given in Table I.

In Table 1,

u; = I ~~oo Co.I and Ro(O) = f:oo C(O,x)dx.

The zeroth moments in Table 1 are automatically
satisfied in the limit since:

lim (l-kl1ty = lim (l-kD.t),/AI = e- kl•
Al-O Al-O

x= 0,

x= L,

L
C = Co-D(t),

II

ac =0
iJx .

where Lis the length of the tubular reactor and N is the
number of finite difference control volumes. From
equations (18) and (16) we have the following dimen­
sionless false diffusion coefficients:

The second moments can be equated by the following
identity:

IIl1x ( M 1 )
DCaIse = 2 1-11 I1x l-kM . (16)

This is the false diffusion coefficient .of a 'tube and
reactor' model. For the steady state, i.e. I1t = 0, Orals.
= lID.x/2, which is consistent with ref. [1]. It is
interesting to note that the chemical reaction does not
affect the false diffusion coefficient in steady state
diffusion and convection problems.

For the case of no chemical reaction, i.e. k = 0,

D _ IID.X ( lID.t)
Calse - 2 1- I1x . (17)

It can be seen from equation (17) that when the distance
step and time step are related by D.x = lID.t, the false
diffusion of equation (3) will be zero. We can show this
phenomenon by setting I1x = lID.t a nd k = 0 in
equation (3).

For the finite tubular reactor, we know

(22)

(21)

I/t

r=L'
C

c=­
Co'

where

and

L
C = 0.1354Co-i5(t-L/II). (23)
• 1/

2 IXerfc(x) = l-erf(x) = 1- -.J e- x 2 dx .
( n) 0

(The detailed solution of equation (20) is given in the
Appendix.)

Ifwe assume the dimensionless time step I1r = 0.005,
the dimensionless step length 11~ = 0.Ql, and the
dimensionless first-order chemical reaction constant,
kL = 2, then we have

DCaLis. = 2.4747 X 10- 3•

II

A comparison ofequation (3)with equations (20)and
(22) is shown in Fig. 2. The points (0) are calculated
from equation (3), and the solid line is calculated from
equations (20) and (22).

The initial boundary condition of this example is the
inplus tracer C = Co(L/II)i5(l). In the plug flow tubular
reactor without diffusion, ifwe input the inplus tracer at
the entering point of the tube, we should get the inplus
tracer output at the exit of the tube [4]. Without
diffusion, the inplus tracer output at the exit of the tube
is

(18)
L

I1x=­
N
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o False diffusion solution

-- Exact solution

and M; Wolfshtein, Heat and Mass Transfer in
Recircula ting Flows, pp. 132, 158. Academic Press. London
(1968) .

3. R. Ads, On the dispersion of a solute in a fluid flow ing
through a tube, Proc. R. Soc. A235, 67-77 (1956).

4. O. Levenspiel, Chemical Reaction Engineering (2nd edn .)
p. 260. John Wiley. New York (1972).

c

06

04

APPEl"D1X

From equ ations (2) and (21) we have

fc fc I jj2c k
or + ig= 4P ce - 'Le,

initial condition at

(AI)

02
r =0, c=O,

cc
~ = I, c~ = O.

o 1.5

T

2 .0

boundary condition at

~ =0, c = o(r),

FIG. 2. Comparison of false dilTusion with exact solution. Set

(A2)

Equation (23) can be obtained from the first-order
chemical reaction equation or the partial differential
equation for the unsteady state plug flow reactor.

Ifwe take

equation (23) can be written as

C 1
c = - =:e 0.1354- = 27.07 at t = 1. (24)

Co Llr

We see that the exact solution for the unsteady state
plug flow reactor in equation (24)is much different than
the upwind solution in Fig. 2. The upwind solution in
Fig . 2 is a bell type curve due to the false diffusion and
convection. The solution of equation (24) is single
valued as this is due to convection transfer only.

(j"P; _P)e- 2Jl'ill-{J+(j"P;+P)e2J/'i11- {)

1(s,~) = . (A4)
(j"P;+P)e2JF,+(j"P;_P)e- 2JF,

At the end of the tubular reactor, where ~ = I,

(A3)

f=O,

~ = 1,

PUlling equation (A2) into equation (A1), we get

cf I jj'f

or - 4P a~2'

~ =0,

initial condition at

cf
a~ +2Pf = O.

Applying the Laplace transformation into equation (A3) we
have

r = O.

boundary condition at

L
at t =-.

1I

1
c5(t - L/lI) =:e ­

M

(A6)

4. CO:"CLUSION

This study has shown that:

(1) The false diffusion coefficient can be obtained
from the method of moments.

(2) Thechemical reaction in mass transfer or internal
heat source or sink in heat transfer can affect the false
diffusion coefficient in unsteady state problems.
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2j"P;
J(s, I) = . (AS)

(j"P;+P)e2./Ps+(j"P;_ P)e- 2!Pi

For large P, we can simplify equation (AS) to

2j"P;
J(s, I) ::>: --;::=-'-----=­

(j"P; +PI e2.ff.

The inversion of the Laplace transformation of equat ion (A6)
is

fer, I) = 2(~)1/2 e_P1' _ 2(!-) 1/2e-P1.
1tT

J
1tT

+2P e2P+P, erfc[(~YI2 +(pr)1/2]. (A7)

From equations (A2) with ~ = 1and (A7) we get equation (20).
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FAUSSE DIFFUSION EN CONVECTION ET DIFFUSION AVEC REACTION CHIMIQUE

Resume-s-La methode des moments est utilisee pour obtenir Ie coefficient de fausse diffusion

II~X [ !J.c 1 ]
Dh ,,, = -2- l-lI!J.x l-k~c

pour le modele instationnaire "reacteur et tube" avec un reacteur chimique de premier ordre.
Un comparaison est faite entre la solution recurrente par volumes finis (par exemple,la serie de reacteurs

chimiques continuelJement agites) et la solution exacte avec un coefficient de fausse diffusion.

SCHEINDIFFUSION BEl KONVEKTION UND DIFFUSION
MIT CHEMlSCHER REAKTION

Zusammenfassung-Die Momentenmethode wird angewandt, urn den Scheindiffusions-Koeffizienten als

D -1I~X[I-II~_I_J
Iatse - 2 ~x l-kM

fUr ein instationiires Rohrreaktor-Modell mit einer chemischen Reaktion erster Ordnung zu bestimmen. Ein
Verglcichzwischen einer Losung mittels finiter Differenzen(z. D.fiirden kontinuierlich geriihrten Reaktor in
Reihenschaltung) und der exakten Losung mit Hilfedes Scheindiffusions-Koeffizienten wird durchgcfiihrt.

3<t><t>EKTHBHMI .QH<t><t>Y3H5I nPH KOHBEKUHH H .QH<t><t>Y31Ul B nPHCYTCTBlHI
XHMHtlECKOfi PEAKUHH

AHHOTaUMII-MeroJlo~1MO~ICIITOB paCC'lIlTblBaCTCIi KQ3c!Jc!JIIIIIICIiT 3c!JljlCKTIIBIIOil llllc!Jc!JYJIIII

u~x[ M 1 ]D<j><j>=- 1-11----
J 2 ~x 1 - kM

11.111 HeCT31.11l0113PIIOil ~1011e.ll1 npOTO'lIlOrO peaxropa npn nporexaunu xlI~lIl'lecKoil peaxuuu nepsoro
nOpIIJlKa. npOBe.l\CHO cpaaueaue MClKllY PCWCIlIIC~1 MCTOllO~1 KOIlC'lHbIX pamocreit (xll~lIl'leCKlliI

peaxrop c nenpepuansnr nepesteumeanuesi) II TO'lllbl~1 PCWCIlIlC~I, B xcropoxi y'IIlTbIBaCTCIi
:lepc!JCKTIIBllblil K03c!Jc!JIIIIIICHT llllc!Jq,YJIIII.
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